Deflection
of
Beams

Objectives

v Determine the deflection and slope at specific points on beams and shafts,
using various analytical methods including:

» The integration method
» The use of discontinuity functions
» The method of superposition

v Determine the same, using a semi-graphical technique, called the moment-
area method.



APPLICATIONS




DEFORMATION UNDER TRANSVERSE LOADING

A
— L .
(a)
P
\ ff_____________x
PA= ~
PR
(b)

The curvature of the neutral surface to the
bending moment in a beam in pure bending is

1 M(x)

p EI

However, both the bending moment and the
curvature of the neutral surface vary from section
to section. Denoting by x the distance of the
section from the left end of the beam,

The shape of the deformed beam is obtained from the
information about its curvature. However, the analysis and
design of a beam usually requires more precise information
on the deflection and the slope at various points. Of
particular importance is the maximum deflection of the
beam.



Equation of The Elastic Curve

J P, P. The curvature of a plane curve at a point Q(x,y) is

l dzy
A 1 dx?
§ p dy

) 273/2
Elastic dx

curve

Lo

For the elastic curve of a beam, however, the slope 42
dy/dx is very small, and its square is negligible _:E
compared to unity. Therefore, P

This equation is a second-order linear differential 5
equation; it is the governing differential equation for ay_

i dx*  EI
the elastic curve.




Equation of The Elastic Curve

The product El is called the flexural rigidity.
For a prismatic beam, the flexural rigidity o

constant.

y B X
EI% N I M(x) dx + G Fig. 9.7 Slope 60(x) of tangent to the elastic curve.
0
dy ’ .
e tan 0 = 6(x) » |EIf(x) = | M(x)dx + C, Slope Equation
X
0

Integrating equationinx —— Ely = J dx J M(x)dx + Cix + C, Deflection Equation
0 0

The integral constants C;, and C, are determined from the boundary conditions or,
more precisely, from the conditions imposed on the beam by its supports.



Boundary Conditions:

y Y

P
A X A X

ya=0 yp="0 ya=0 B

(b) Overhanging beam

(¢) Cantilever beam

X=X,,Y=Y,=0

X=Xg, Y =Y=0 ey
. X=X,,x=0,=0
C, and C, are obtained from two _
. C, and C, are obtained from two
equations.

equations.



Concept Application 9.1

P

Determine the equation of the elastic curve
and the deflection and slope at A.

A B




Solution

P
‘_.T

Using the free-body diagram of the portion AC of the A M
beam, where C is located at a distance x from end A, C _

= —Px D

, (b)

d-y
EI E = —Px
I EI dy
ntegrating in x, — =
g g dx

x=Land 0 =dy/dx=0

N
c~
L

— 1pr2
C, = iPL ©



Solution

Integrating in x, Ely = —iPx’ + iPL’x + G,

x=Ly=0 0=—PL’+;PL°+C, C,=—3PL’
P
Ely = —:Px’ + ;PL>x — :PL* or Y= (—x® + 3L% — 2I°)

The deflection and slope
at A are obtained by Va4 =
letting x=0

PI®

pL’ dy) PIL?
3EI A

and 04 = (E — ﬁ



Concept Application 9.2

l l J, l l l l l l Determine the equation of the elastic curve
ﬂ' 'B and the maximum deflection of the beam.

A
.
Y




Solution

X
5 1
2 M = swLx — ;wx

[ |
le——
N
[ |
|
[ ]

l l l’l l 1) EId—zy = —lwxz - lex
" 2 2

wx

A dx”

D
- x——>|V Integrating twice in x,

1
Ry = swL d 1 1
L B2 = - Zux® + —wlx® + G,
dx 6 4

1 1
Ely=——wx"+ —wLx’ + C;x + C,
24 12



Solution

y

[x =0,y =0 x=Ly=0]
A
Y

~LR2—

x=0andy=0inandobtainC, =0

x=Landy=0
0=—4wl'+ SwL*+ CL
C, = — ywl’
w
y=——(—x*+ 2Lx° — ’)
24EI1
w( L L’ 3L)
Ye = Toa T2 = L) =
24E1 16 8 2




Concept Application 9.3

P
L/4

~—|~—3L/4

For the prismatic beam and load shown,
A B determine the slope and deflection at point D.

Bending moment can be discontinuous at several points in a beam, the deflection
and the slope of the beam cannot be discontinuous at any point.

Divide the beam into two portions, AD and DB, and determine the function y (x)
that defines the elastic curve for each of these portions.



Solution

1. From A to D (x < L/4).
v,

| 3P d’y, 3
A M _ 1 _
TEl)l M1—4x EIdxz—EPx
' dy, 3
3p EIG, = EIE = ngz + C,

1
Ely, = EPxS + Cx + C,



Solution
2. From D to B (x > L/4).

p 3P L

M,=—x—Plx— —

: 4 4

N -t—l—ZL—:-—
A M d*y, 1 1
2 EI 2=——Px+—PL
E dx 4 4
- X ‘:"ri
; £r6, = £12 Lo+ Lpix v ¢
= — —_— e — — x — x

JrP 2 dx 3 1 3

1 1
Ely, = ——Px> + —PLx*+ C.x + C
Y2 24 a 3 4



Solution

Determination of the Constants of Integration.
x=0andy, =0 (x =0,y

0], Eq. (4): 0=20C,
x=Landy, =0 1
(x =L, y, = 0], Eq. (8): 0= EPL3 + C;L + C,

at point D requires that y, = y,
6, = 6, when x = L/4. [x = L/4,6, = 6,], Egs. (3) and (7):

3 2 7 2
—_PpI*+ C, = —PI* + C,
128 128

[x = L/4,y, = y,], Egs. (4) and (8):

PI® L 11PL° L
- ‘I' C]__ — + C3_ + C4
512 4 1536 4




Solving these equations simultaneously,

7PL?
128"’

11PL* _pr’
1287 ' 384

1 C,=0 C3=

Substituting for C; and C, into Egs. (3) and (4), x = L/4 is

3 , 7PL°
EIf, = —Px* —

8 128

1 . 7PL°
Ely, = —Px™ —

8 128

Letting x = L/4 in each of these equations, the slope and deflection at
point D are

PI? 3pPL’°

Op = — d = —
P ) Yp 256E]




Determination of the Elastic Curve from the Load Distribution
We know these three relations:

d’y  Mx)
£y dM/dx =V | |dV/dx=—w
dx EI

Differentiating with respect to x when a prismatic beam supports a distributed

d3y 1 dM V(x) load w(x), its elastic curve is governed by the

A — BT de - ot fourth-order linear differential equation
Differentiating again d'y w(x)

d*y 1dv wx dx* EI

dx* EI dx  EI



Determination of the Elastic Curve from the Load Distribution
Y

d'y
EIEZ —w/(x)
dS
y
EI@ = V(JL') = —jw(x)dx + C,
d* |
Y Yy
EIE = M(x) = —deJ w(x)dx + C\x + C,

1
EIE = Elf(x) = —Idxfdx[w(x)dx + Eclxz +Cx+ C, A Il!!!!ii

1 1
Ely(x) = —J dx dejdxf w(x)dx + ECIx?’ + ECsz + Cyx + C, [14=0] [V, = 0]
[6'4.‘ = O} [JIB - '[)]



STATICALLY INDETERMINATE BEAMS

T TR
UL T

< L -
L Ay B

Since only A, can be determined from these equations,
the beam is statically indeterminate.

A

|

SF,=0 3F,=0 3M,=0

The reactions can be obtained by considering 4
the deformations of the structure.

[x=0,6=0]
[x=0,y=0]



Concept Application 9.5

Equilibrium Equations. From the free-body diagram
ESF. =0 A, =0
+12F,=0. A, +B—wL=0

+NY>SM,=0: My + BL—SwLl*>=0

1o ; wl.




Concept Application 9.5

Equation of Elastic Curve. Draw the free-body Ma N l l'l l |
diagram of a portion of beam AC to obtain _e> }
A
X C
+N 2 M. = 0: M+%wx2—|—MA—Ayx=0 T:: X —
A
y
d’y 1,
EIdxz = —-~wx" + Ax — M,
EI6 EIdy ! 3—|—1A *— Myx + C
= El— = ——wx —A,x° —
dx 6 2" A 1

1

Ely = — iwﬁ + —A x° — lMsz + Cix + C,
24 6 7 2

)

~



Concept Application 9.5

Boundary Conditions x=00=0
mmm) C=C =
x=0,y=0
Ely = —zywx® + jA,x° — ;M,x°

x=L y=0 mmmm) 0= —5wl + ;AL — ML°
3M, — AL + ;wL? =0

Solving this equation simultaneously with the three equilibrium equations, the
reactions at the supports are

A, =0 A, =3wL M,=zwl® B=jwL



SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION

The integration method provides a convenient and effective way of determining

the slope and deflection at any point of a prismatic beam, as long as the bending
moment can be represented by a single analytical function M(x).

However, when the loading of the beam needs more than one functions to
represent the bending moment over the entire length.

Singularity functions makes it possible to represent the shear V and bending
moment M with single mathematical expressions.



SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION Cont.




SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION Cont.

Cut the beam at a point D between A and C. Cutting the beam at a point E between C and B

wo (x — a)
-  —— i

f~—> —%—(x —a)

A Dl)m
T | \ A C l ' M le) M,

R = 7 wya T: a >!: p— V,
0<x<a g ' K
R,= l Wy a
Vi(x) = }lwga
Vo(x) = tw,a — wo(x — a
a < x < 2a 2( ) 0 0( )

My(x) = jwoax — swy(x — a)’



SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION Cont.

V,(x) and V,(x) can be represented by the single function
V(x) = jwpa — wylx — a)

the brackets < > should be replaced by ordinary parentheses ( ) when x > a and
by zero when x < a. Similarly

M(x) = jwoax — swx — a)’

The function within the brackets < > can be differentiated or integrated as if the
brackets were replaced with ordinary parentheses.



SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION Cont.

Instead of calculating the bending moment from free-body diagrams

M(x) — M(0) = J:V(x) dx = J:i woa dx — waﬂ(x — aydx

After integration and observing that M(0) = 0,

M(x) = jwpax — swox — ay’

Furthermore, using the same convention, the distributed load at any point of
the beam can be expressed as

w(x) = wyx — a)’



SINGULARITY FUNCTIONS TO DETERMINE SLOPE
AND DEFLECTION Cont.

V(x) — V(0) = — J:w(x) dx = — L wx — a) dx

V(x) — jwea = —wylx — a)'

The expressions (x — a)°’,(x — a),(x — a)* are called singularity
functions. For n = 0,

o~ = {(x —a)" whenx=a
0 when x < a



Basic loadings and corresponding shears and bending moments expressed in terms of
singularity functions

Loading Shear Bending Moment
V M
g ,l
| , | a ‘
O k . - O | X O : X
M I
0 —J,I(} |
(a) M(kx)=-My<x—a>"
| : \4 M
a
O | _‘i— X O —ﬂ X O a x
|
|
|
|
(b) —F

Vi) =-P<x—a>" Mx)=—-P<x—a>!



Basic loadings and corresponding shears and bending moments expressed in terms of
singularity functions

Loading Shear Bending Moment
ol
‘ a u:() V M
bbbl
Ol 2 O < X O a x
) wk)=wy<x—a>" .
’ V(I)Z—w0<x—a>l M(x)z—%w0<x—a>2
w Slope = k
\ v y

V(x)z—%<x—a>2 M(x)z—ﬁg-‘{x—a:}g




Basic loadings and corresponding shears and bending moments expressed in terms of
singularity functions

Loading Shear Bending Moment
w
V M
"]
O ‘i_f O ﬂ\ X O iz\l‘
_ . n k 1 _ k
() wh)=k<x—a> V)= —t-<x—a>* M(x)__{n+1)(n+2)<1_a>n+2



w Wy

nalilil}

A
[

']

w W

nailill

[TTIT]
Till;

. b ) _J
» L

wx) =wy<x—a>"—wy<x—b>"

Fig. 5.17 Use of open-ended loadings to create a closed-ended loading.



Concept Application 9.6 E=200GPaandI = 6.87 X 10 °m*

P—19kN P=12kN
T 11.8 kN
wy = 1.5 kN/m i )
. = A . i ].\r{(] — ]_—1—_1[ N * 1M
. lllllDMU 1.44 kN « m A C ll’lllD 3
A B i ( o
| ~—24
L J »I An’t " TB
~— <12 m < 3m >
0.6 m 0.8m 1.0
= 3.6 m >
S3F, = 0: A, =0
+\2Mjp = 0: —A)(3.6m) + (1.2kN)(3m)

+(1.8kN)(2.4m) + 1.44kN-m = 0
A, = 2.60 kN



0.6 m

P=12kN

M,=144kN + m

CV v ¥

Yy

Y

Ll wy = 1.5 kN/m
Y

Y

Y

Y

"B

A

Ir.i\

171.8111
/"‘72.61}1—*

A, = 2.6 kN

D

2]

|

%

il
T

—wy = —1.5 kN/m

w(x) = +wyx — 0.6)° — welx — 1.8)°

V(x) = —wex — 0.6)' + wex — 1.8)' + A, — P(x — 0.6)°

M(x) = —jwe(x — 0.6)" + 5 w(x — 1.8)°
+ Ax — P(x — 0.6)' — My(x — 2.6)°



V(x) = —1.5(x — 0.6)' + 1.5(x — 1.8)" + 2.6 — 1.2(x — 0.6)°
M(x) = —0.75(x — 0.6)* + 0.75(x — 1.8’
+ 2.6x — 1.2(x — 0.6)' — 1.44(x — 2.6)"
EI0 = —0.25(x — 0.6)° + 0.25(x — 1.8)’
+ 1.3x* — 0.6(x — 0.6)* — 1.44(x — 2.6)' + C,
Ely = —0.0625(x — 0.6)* + 0.0625(x — 1.8)* + 0.4333x°

— 0.2(x — 0.6)> — 0.72(x — 2.6)* + C;x + C,

x=0,y=0 C,

0

x=36,y=0 C = —2.692



X = x5 = 1.8 m, we find that the deflection at point D
Elyp, = —0.0625(1.2)* + 0.0625(0)*

+ 0.4333(1.8)° — 0.2(1.2)* — 0.72(—0.8)* — 2.692(1.8)
Ely, = —0.0625(1.2)* + 0.0625(0)*

+ 0.4333(1.8)° — 0.2(1.2)° — 0 — 2.692(1.8) = —2.794

Recalling the given numerical values of E and |,

a)(6. T m’)yp = —2. ‘m
200 GPa)(6.87 X 10" °m®)y 2.794 kN-m’
yp = —13.64 X 10 °m = —2.03 mm



Sample Problem 9.4

Wy

Y
A | B
o8 C A

LLzz -t< LK2—*‘

For the prismatic beam and loading shown, determine (a) the equa-
tion of the elastic curve, (b) the slope at A, (¢) the maximum
deflection.




Solution

_.-UJ{] L
A m — Y B
C B A C A
‘ \ 2w,
: 4w

w

Reactions. Due to symmetry, each
reaction is

1
ngL

_ 1 .
R‘.-—'i - IIL”L

L2




Solution

w(x) = kyx + kfx — 3L) = %x — %@c — L)

w 2W
V(x) = —Tuxz + Tﬂx— L) + jwL

W 2W,
M(x) = a7 —x + E(x — 5L + welx



Equation of the Elastic Curve

d’ w 2w
E1=2 = -~y 4 20

2 a7 a7 —(x — 3L + tw,Lx

integrating twice in X,

w Wy
El0=——-x*+—(x— 3L+
12L 6L

Wy

Ely=———x"+ —x——>5 x—l—Clx+C2

60L 30L



a. Boundary Conditions

[x=0,y=0]

[x=Ly=0]

w, (LY w,L*
lx =L,y = 0] 0= — +0() + — + C,L C,
60 30L\2 24
w w, w,L 5
EIl0=——x"+ —{(x— i)'+ —x* — —w,[*
12L 6L 3 192
w w wyL 5
Ely=——x"+ ——(x — LV + —x% — —w, L%
60L 30L 24 192




b. Slope at A

y 192

5w’

0, = ~

c. Maximum Deflection The maximum deflection occurs at point C  x = 5L
A 5 woL*
EI Yinax = WoL*| — +04+ —— — = —
60(32) 24(8)  192(2) 120

w,L*

120E1

l

y max —




MOMENT-AREA THEOREMS

General Principles

We used a mathematical method based on the integration of a
differential equation to determine the deflection and slope of a beam
at any given point.

In this section you will see how geometric properties of the elastic
curve can be used to determine the deflection and slope of a beam at
a specific point.



First Moment-Area Theorem.

, 1

A ° ° B
C D R

Draw the diagram representing the variation along the beam of M/El obtained by
dividing the bending moment M by the flexural rigidity E/

M
EI




Recalling that dy/dx = 6,

d dy M
dx dx* EI

or df = dx

M
EI

Consider two arbitrary points C and D on the beam and integrate both members
fromCtoD:

0 X X
g M "M
J do = J — dx Oor QD_QC:J — dx
; El EI

C Xc Xc

Where O, and O, indicate the slope at C and D. But the righthand member of
equation represents the area under the M/El diagram between C and D, while the

left-hand member is the angle between the tangents to the elastic curve at C and



0p,c = area under M/EI diagram
between C and D

This is the first moment-area theorem.

Note that 0,, and the area under the M/EI diagram have the same sign. This
positive area (i.e., located above the x axis) corresponds to a counterclockwise
rotation of the tangent to the elastic curve moving from C to D, and a negative area
corresponds to a clockwise rotation.



Second Moment-Area Theorem.

Now consider two points P and P’ located between C and
D at a distance dx from each other.

The tangents to the elastic curve drawn at P and P
intercept a segment with a length dt on the vertical
through point C.

Since the slope 0 at P and the angle d& formed by the
T" tangents at P and P’ are both small quantities, dt is
£y df assumed to be equal to the arc of the circle of radius x;
subtending the angle d6. Therefore,

thD - xl L dx

dt = x, db Y
J EI

X

tc)p = (area between Cand D) x,;



Second Moment-Area Theorem.

M
EI

. tcip = (area between Cand D) x,;




Second Moment-Area Theorem.

tp/c = (area between Cand D) x,




Cantilever Beams and Beams with Symmetric Loadings

: D o Tangent at D
J-~— Yp=lp;a
A <
: / 7
[ Reference tanoent
Op = Op/a o

()

Reference tangent Op = pic tpic

(c)



Concept Application 9.9

50 kN

R

90 kN - m

A

3m =

Determine the slope and deflection at end B of the prismatic cantilever
beam AB when it is loaded as shown, knowing that the flexural rigidity of
the beam is £/ = 10 MN.m?



50 kN

xD 3 T xD 3
M, =60 kN - m l & = 90 = ﬁ Xp = 1.2m
(A B) Use the first moment-area theorem to obtain
90 kN - m
Opy = 0p — 04 = areafromAtoB = A, + A,
Ry =50 kN (b) _ 1 -3 -1 1 -3 __—1
= —3(1.2m)(6 X 10 °m™ ") + 3(1.8m)(9 X 10 "m )
M .
i FO0KN - m = —36X10° + 8.1 X 1072
= +4.5 X 10 °rad
"(—ID—IF
A - 1 and, since 6, = 0,
~—3m —xp—> .
—~60 kN - m 0 = +4.5 X 10 °rad




Using the second moment-area theorem

M 0.6 m thA — AI(Z.G III) + Az(o.ﬁ I‘Il)

EIl

49X 103 m-] = (—3.6 X 10°)(2.6 m) + (8.1 X 10 °)(0.6 m)
= —9.36 mm + 4.86 mm = —4.50 mm

+1.2 1l —

B Since the reference tangent at A is horizontal,
the deflection at B

2.6 m VB — tB{A = —4.50 mm



Concept Application 9.11

For the prismatic beam AB and the loading shown, determine the slope at a
support and the maximum deflection.

- {1—1-—-:—.{1—)—‘-:—.{1—)-—-:—{1—}—
Ylmax = f:'\;’(f

ol = B

C

Reference tangent




2wa Vv

A
N
Y

R, = wa

—— ] — —— (] —

DTT‘!T‘!TTTE

—wWwa

Rl RB - (] ——=
M
EI 2
( Qwa
RA —_ RB — Wd B — _LT — El
.Al
2 3
A = 1(2.',1) (Zwa ) _ 2wa A C .
! EI El D~ . —
N wa? 2
Ta ~ 2EI
A 1( )(waz) wa. Jr La
= ——\d —_— = -_—— —_— - —
2 3 2EI 6EI )
- - -I—af —_—




Applying the first moment-area theorem,

wa>  wad 1lwa’

O = A+ A = = or = TH

Applying the second moment-area theorem

4a ‘a 2wa’ \ 4a wa’ \ 7a 19wa*
I-A’/C — Al— + AQ— — + | — —
3 4 EI 3 6ElI/) 4 8EI

19wa®  19wlL?

max — t — —
M A€ QET T 2048EI




Sample Problem 9.10

Prismatic rods AD and DB are welded together to form the cantilever beam ADB.
Knowing that the flexural rigidity is E/ in portion AD of the beam and 2E/ in portion
DB, determine the slope and deflection at end A for the loading shown.

P r’
D I

A , B

El OFI

L3
=2
|
A
2
]



— 2P

Pa

/_E

El

5 x
_ P 3Pu

 9EI



—0p, B \

Reference tangent

04

OB/a Ya = la/B

Slope and deflection at end A
related to reference tangent
at fixed end B.



A

A

A

_ 1 Pa Pa*
- Al = ———q = — —
2 EI 2FI
As B 1 Pa Pa’
=71 | A= 750w T Tam
LA, 22 4
\ Pa _ 3Pa y 1 3Pa 3Pa?
~ SEI 2EI = ————a = —
2 3 2 2EI AFT
a >




Using the first moment-area theorem,

Pa* Pa* 3Pa’ 3Pa’
GB/A=A1+A2+A3=————— = —

o2FT 4EI  AFI 2F]
0 — o . 3Pa’ 0 3Pa’
AT UEA T oFT AT 9FT

Using the second moment-area theorem,
2 4 5
Va = byp = A1(3 a) + A2(3 a) + A, (3 a)
_ (_ Pa2> 2a N (_ Pa2> 4a N (_ 3Pa2) 5a
2EI) 3 AEI) 3 AEI ] 3
23Pa’ ~ 23Pa’
- 12EI YA T q2mr

Ya = |
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