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Introduction 

 Before a problem can be solved, it and the tools must be understood. In 

fact, a correct, complete, detailed and clear description of the problem is 

(measured in total human effort) often times nearly half of the final 

solution.  

 

 

Thus, we will place substantial room in this course on understanding both 

the problems and the tools that are presented to solve them. 

 

 

Indeed, primary emphasis will be understanding and secondary emphasis 

will be use of techniques. 

 Generally, ready-made packages exist to actually perform an analysis.  

 

 

However, a good amount of understanding must permeate the 

relationship between the problem-owner and the problem-solver; a 

relationship that often encompasses dozens of people for years. 
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Optimization 

 Suppose we have a function f(x) where the variable x may be a vector of 

many dimensions. We seek the point x∗ such that f(x∗) is the maximum 

value among all possible f(x). This point x∗ is called the global optimum of 

the function f(x). It is possible that x∗ is a unique point but it is also 

possible that there are several points that share the maximal value f(x∗). 

Optimization is a field of mathematics that concerns itself with finding the 

point x∗ given the function f(x). 

 There are two fine distinctions to be made relative to this. 

 

 

First, the point x∗ is the point with highest f(x) for all possible x and as 

such the global optimum. We are usually interested in this global 

optimum. There exists the concept of a local optimum that is the point 

with highest f(x) for all x in the neighborhood of the local optimum. For 

example, any peak is a local optimum but only the highest peak is the 

global maximum.  
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Optimization 

 Second, the phrase “all possible x needs careful consideration. Usually 

any value of the independent variable is allowed”, but in some cases the 

independent variable is restricted. Such restrictions may be very simple 

like 3<x<18. Some may be complex by not giving explicit limitations but 

rather tying two elements of the independent variable vector together, e.g. 

 

 

 

where g(x) is some other function. Any such equation is called a 

constraint or boundary condition. 
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Constraints 

 Constraints limit the allowed range of the independent variables. In 

practical situations, we will almost always have an upper and lower limit 

to any independent variable, e.g. −1≤ x1≤ 2.5. Many times such limits 

indicate the normal operating conditions of a piece of equipment or the 

safety limits for operation thereof.  

 

 

In addition to these simple constraints that limit the numerical range of 

each variable, we generally have limitations on the interdependency 

between variables. These are generally quite application specific and are 

difficult to discuss in general.  

 

 

An example of such is that the total flow through a system of devices 

operated in parallel must be (roughly) equal to the sum of the individual 

flows. Placing limits on any one of these interdependent variables (e.g. 

requiring a specific total flow) will induce interesting and non-trivial limits 

on the other variables as there is now some, but not total, flexibility. 

 

 

It goes without saying that if constraints are not specified, they are 

generally not met by any computational method. 
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Finding through a little Searching 

 Optimization is the art of finding without searching (much). In our efforts to 

find the best point, we must perform a search of some kind. The most 

primitive search possible is to examine every location and, at the end, 

output the best point found.  

 

 

The advantages of this method are that it is simple, always succeeds and 

is very general. The disadvantage is that it is generally slow as there are 

many possible points to look through. 

 

 

We must therefore come up with a way to find what we need without 

looking through all possibilities. In fact, as the number of possibilities 

grows rapidly with the problem size, we must come up with a way that 

needs us to examine only very few of all the possibilities. This is the first 

important insight of optimization. 



6 

Exact vs. Heuristic Methods 

 When we ask “what is the optimal point?” we need to already know what 

kind of answer we are prepared to accept. Most importantly, how accurate 

does the answer have to be in order to count as a suitable answer? Only 

the application at hand can provide this information. Is it enough to know 

that the highest mountain in Europe is in France or do we need its 

location to within a meter? 

 

 

In mathematics we distinguish between exact methods that deliver a 

totally definite answer without uncertainty and heuristic methods that 

deliver an approximate answer. The exact method will provide the correct 

location of the global optimum. Heuristic methods, on the other hand, may 

get the location of the optimal point totally wrong. Often however, we can 

know with what likelihood the heuristic method got it right. 

 

 

Based on this distinction, we would always want to use exact methods. 

However, the certainty of the best answer has its price: In practical 

problems, exact methods usually take far too long to terminate to be 

used. Real life problems usually require heuristic methods to be used.. 
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Exact Methods 

 The most basic exact method that works always is called complete 

enumeration: List all possibilities and choose the best one. Clearly, this is 

simple and it will work. However this method is generally impractical as 

one might see at first sight because the list would take too long to 

compute in most cases. 

 

 

The challenge is thus to exclude many possible configurations. We might, 

for instance, break up our solution space into sections and these sections 

into further sections. We therefore have a hierarchy of sections to search. 

This is similar to dividing the Earth into continents, countries, regions and 

so on. We can then ask if we can exclude an entire section from the 

search without searching in that section. This would be equivalent to 

asking if we could say that the highest mountain in Europe is not in 

Germany without looking. 
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Heuristic Methods 

 Heuristic methods have a chance of delivering a bad answer – finding a 

point that is good but not the optimum. They have the advantage that they 

are usually much easier to implement and use and also run much faster 

than exact methods. 

 

 

There are many sophisticated and totally general search strategies that 

are capable of solving any optimization problem such as Simulated 

annealing (SA) and Genetic algorithms (GA). Both have many variants 

and branch methods.  

 

 

In SA, we start with a random point and start transiting to other points 

accepting such a transit always if it improves the objective and with a 

probability that gradually decreases over time if it does not improve the 

objective.  

 In GA we start with a family of points that interact somehow to form 

successive generations of points.  

 

 

Both methods eventually reach a stable state at which time they may be 

stopped and the best point found is reported. 
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Multi-Objective Optimization 

 In some cases, we may have more than one objective function when 

seeking an optimum.  

 

 

For instance, if we want to maximize profit and minimize cost or maximize 

yield while maximizing equipment lifetime, then we have more than one 

objective and we will have conflicts between them.  

 

 

It is to be expected that there is a point at which any further improvement 

along one objective creates a detriment to another. This is the challenge 

of multi-objective optimization. This is, by now, a large research field with 

many methods. 


