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Balanced Three-phase Systems

* Balanced Three-Phase Voltages

* Three-Phase Voltage Sources

* Analysis of the Wye-Wye Circuit

* Analysis of the Wye-Delta Circuit

* Power Calculations in Balanced Three-Phase Circuits



Balanced Three-Phase Circuits

* Generating, transmitting, distributing, and using large blocks of
electrical power is accomplished with three-phase circuits.

* Three-phase system was independently invented by Galileo Ferraris,
Mikhail Dolivo-Dobrovolsky, and Nikola Tesla in the late 1880s.

* Three-phase systems are used to deliver power to large motors and
heavy loads. Because three-phase currents naturally produce rotating
magnetic fields.

* A three-phase system is more economical than an equivalent single-
phase or two-phase system at the same voltage. Because it uses less
conductor to transmit the same amount of electrical power.



Balanced Three-Phase Circuits

* The basic structure of a three-phase system consists of voltage sources
connected to loads by means of transformers and transmission lines.

 To analyze a three-phase circuit, we can reduce it to a three-phase
voltage source connected to a three-phase load via a three-phase line,
as shown below:
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Balanced Three-Phase Voltages

* A set of balanced three-phase voltages consists of three sinusoidal
voltages that have identical amplitudes and frequencies but are out of

phase with each other by exactly 120°.

e Standard practice is to refer to the three phases as a, b, and ¢, and to
use the a-phase as the reference phase. The three voltages are
referred to as the a-phase voltage, the b-phase voltage, and the c-

phase voltage.



Balanced Three-phase Voltages

* They have equal amplitudes.
* They have same frequency (50 or 60 Hz).
* They are out of phase with each other by exactly 120°

* Phase sequence is important for paralell operation of three-phase

clrcuits.
Phase 1 Phase 2 Phase3
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ABC Phase Sequence

Only two possible phase relationships can exist between the a-phase voltage
and the b- and c-phase voltages.

One possibility is for the b-phase voltage to lag the a-phase voltage by 120°,
in which case the c-phase voltage must lead the a-phase voltage by 120 °.

This phase relationship is known as the abc (or positive) phase sequence
V.

\ Va =V, [0,
-V V, =V, /—120°, ‘ abc phase sequence or

. positive phase sequence
V.=V, /+120°,



ACB Phase Sequence

The only other possibility is for the b-phase voltage to lead the a-phase
voltage by 120°, in which case the c-phase voltage must lag the a-phase
voltage by 120°. This phase relationship is known as the acb (or negative)
phase sequence

Vi

\ vu = Vm ZE:
-V V, =V, /+120° ‘ acb phase sequence or
a | negative phase sequence
V.=V, /=120".

V.



Example: What is the sequence of each of the following set of voltages?

a) Va(t) =208cos(wt+76°) V Va(t) = 208cos(wt+76°-76°) Va(t) = 208cos(wt+0°) V
Vb(t) = 208cos(wt+316°) V »Vb(t) = 208cos(wt+316-76°°) Vb(t) = 208cos(wt+240°) V
Vc(t) = 208cos(wt-164°) V Vc(t) = 208cos(wt-164°-76°) Vc(t) = 208cos(wt-240°) V

positive sequence

b) Va(t) = 120cos(wt-49°) V Va(t) = 120cos(wt-49°+49°) Va(t) = 120cos(wt+0°) V
Vb(t) = 120cos(wt-289°) v IEPVb(t) = 120cos(wt-289°+49°) I8P Vb(t) = 120cos(wt-240°) V
Ve(t) = 120cos(wt+191°) v Ve(t) = 120cos(wtrIS1=49%)  ve(t) = 120cos(wt+240°) v

negatlve sequence
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Balanced Three-Phase Voltages

Another important characteristic of a set of balanced three-phase
voltages is that the sum of the voltages is zero.

V,+ Vo + V=0 B V,/0 + V,/=120° +V, /+120° =0

Vu = V}.‘r:r &Gs
Vy =V, /—120°,
V.=V, /+120",

v, + vy + v. = 0. ‘ the sum of the instantaneous voltages also is zero
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Three-Phase Voltage Sources

* A three-phase voltage source is a generator with three separate
windings distributed around the periphery of the stator.

* Each winding comprises one phase of the generator. The rotor of the
generator is an electromagnet driven at synchronous speed by a
prime mover, such as a steam or gas turbine.

* Rotation of the electromagnet induces a sinusoidal voltage in each
winding. The phase windings are designed so that the sinusoidal
voltages induced in them are equal in amplitude and out of phase
with each other by 120 degree.

* The phase windings are stationary with respect to the rotating
electromagnet, so the frequency of the voltage induced in each
winding is the same.



Three-Phase Voltage Sources

Axis of
a-phase

» Y-connected Source

c-phase

winding

+ Neutral terminal

» A-connected Source
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A model of a three-phase source with winding impedance
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Types of three-phase loads

Wye (Y)-connected load
If Z1 =72 =73 => balanced load

73

Delta (A)-connected load
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Possible Connections of Three-Phase Systems

Three-phase sources and loads can be either Y-connected or A-connected,
the basic circuit in Fig. represents four different configurations:
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Analysis of the Wye-Wye Circuit

4 1. The voltage sources form a set of balanced three-phase voltages.
[ ¢ Z1a e . In Fig. 11.6, this means that V,,, Vy,, and V., are a set of bal-
Zy, I - anced three-phase voltages.

-1z N \ZA 2. The impedance of each phase of the voltage source is the same. In
Zy

=1 |

Fig. 11.6, this means that Z,, = Zy, = Z,..
3. The impedance of each line (or phase) conductor is the same. In

v Fig. 11.6, this means that Z,, = Z,, = Z,..
chn o bn ® a c-Fl *
Z 4. The impedance of each phase of the load is the same. In Fig. 11.6,
' this means that Z, = Zg = Z.

ch
| z
: lc

Figure 11.6 A A three-phase Y-Y system.

Using the source neutral as the reference node and letting Viy denote the node voltage between the nodes N and n

VN + VN — Vd 'n + VN B Vb 'n + VN — v{:'n _
Zy Zan+Zyw+Zy Zp+Zw+Zy Zo+ZitZy
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Analysis of the Wye-Wye Circuit

VN + VN - va‘n + VN - Vh n n VN - 1"'Jr{:'n
Zy Zpa+Zyw+Zy Zp+ZwtZy Zo+Zi+Zy o

ZQ':-=ZA+ZI;1+Zga=ZB+Zlb+Zgb=ZC+Zl{:+Zg{:

1 3 Vin + Von + Ven
VN(_ + —) = b
Zy Zy Zy

= 0.
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Analysis of the Wye-Wye Circuit

a A
| ® Zli:'l - g
l-\.i'l\
ga | I
& ZU L ZA
n N
O Zy, ® VAT p— Zy
b l|'l!| B
Zc
gc
l - VAR —o
C C
I
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A single-phase equivalent circuit

A
LA
Zga I,
— Zy = Za
n N
O Zyp|—e Lyyf——=» Zy
b lI'l%. B
Vc‘n o Vb’n
Lo
l 2 VAR —e
c C
I'L'L'
Figure 11.6 A A three-phase Y-Y system.
a' a A
Ly, |—e Z ®
Va"n I:a."-. ZA
n N

I

(]

= La + I T Ic.
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The voltages of Wye-connected load

+o— Vg
A\ Van Z Ve  —  line-to-line voltages
_B . \! _ Vca
Vea C 1 Zy | —eN —
_|,_
Vic Vo Zc Van )
. Ven  —  line-to-neutral voltages
C
Voen
Vag = Van — Vi,
Vec = Ven — Von
Vea = Von — Van

21



The voltages of Wye-connected load for positive phase sequence

Vag = Van — Van, Vag = V4 /0" =V, /—120° = V3V, /30°,
Vie = Van — Von » Vie = Vg /—120° — V,, /120° = V3V, /—90°,
Vea = Ven — Van Vea = Vg /1200 =V, /0° = V3V, /150°.
! Vag
Van =V, /0°, 3
\_~"30°
VAN
VBN = V-:f.- / _1209,
r‘"f‘%l_l
@ A BN
VCN = V‘f’ ,-_"+]_20 »
L
Vie

1. The magnitude of the line-to-line voltage is v/3 times the magnitude of the line-to-neutral voltage.
2. The line-to-line voltages form a balanced three-phase set of voltages.

3. The set of line-to-line voltages leads the set of line-to-neutral voltages by 30° for ABC phase sequence
22



The voltages of Wye-connected load for negative phase sequence

Vag = Van — Van, Vag = V4 /0" = Vg4 /120° = V3V /=30°

VBC = VBN - VCN, » VBC = Vd_'} { ]_20D - V.i, { _].20“ = VIEVQ{, { 9Un

Vo /=120° =V, /0" = V3V, /=150

Vie

<

0

>
I

Vea = Von — Van

Van = V4 /07,

Van = V4 /11207,

VCN - V‘fa’ i'_]_ZUD,

1. The magnitude of the line-to-line voltage is v/3 times the magnitude of the line-to-neutral voltage.
2. The line-to-line voltages form a balanced three-phase set of voltages.

3. The set of line-to-line voltages lags the set of line-to-neutral voltages by 30° for ACB phase sequence
23



Summary

* Line voltage refers to the voltage across any pair of lines.
* phase voltage refers to the voltage across a single phase.
* Line current refers to the current in a single line.

* phase current refers to current in a single phase.



Example

A balanced three-phase Y-connected generator
with positive sequence has an impedance of
0.2 + jO.5 /¢ and an internal voltage of 120 V /.
The generator feeds a balanced three-phase
Y-connected load having an impedance of
39 + j28 }/¢. The impedance of the line connect-
ing the generator to the load is 0.8 + j1.5 ()/¢. The
a-phase internal voltage of the generator is speci-
fied as the reference phasor.

a) Construct the a-phase equivalent circuit of
the system.

b) Calculate the three line currents I, 5, I, and I .

c¢) Calculate the three phase voltages at the load,
Van, VN, and Ven.

d) Calculate the line voltages Vg, Vgc, and V¢, at
the terminals of the load.

e) Calculate the phase voltages at the terminals of
the generator, V,,, V., and V..

f) Calculate the line voltages V,;,, V,., and V_, at
the terminals of the generator.

g) Repeat (a)—(f) for a negative phase sequence.

25



Example

a) . 020 050

=0

a4 080 J1SQ A
» "M Y YT ™ - % m"\f‘\_-_
I,
o §39 Q
-} i i
C_) 120/0°V \’:;m A% AN
j28 Q)
N

b) 120 /0°
A =02+ 08 + 39) + j(05 + 15 + 29)
120 /0°
T 40 + j30
= 24 /—3687° A.

I = 2.4 /—156.87° A,
I.c =24 /83.13° A.

c) The phase voltage at the A terminal of the load is
Van = (39 + j28)(2.4 /—36.87°)
= 11522 /-1.19" V.

Vpn = 11522 /—121.19° V,
Ven = 11522 /118.81° V.
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Example

"L )
aA 2390

1200°V V., Van
28 0)

¢ N
d) u
Vag = (V3 /30°)Vax
= 199.58 /28.81° V,

Vi = 199.58 /—91.19° V,
Vea = 199.58 /148.81° V.

e) Vin = 120 — (0.2 + jO.5)(2.4 /—36.87°)

f)

= 120 — 1.29 /31.33°

= 118.90 — j0.67
= 11890 /-0.32" V.

Vin = 118.90 /—120.32° V,
V., = 118.90 /119.68° V.

‘«‘Yﬂh = ('\/g / 30° )vun
= 205.94 /29.68° V,

Voo = 205.94 /—90.32° V.,
V., = 205.94 /149.68° V.
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Analysis of the Wye-Delta Circuit

* If the load in a three-phase circuit is connected in a delta, it can be transformed into a wye by
using the delta-to-wye transformation.

» After the A load has been replaced by its Y equivalent, the a-phase can be modeled by the single
phase equivalent circuit.

a’' a A
Zya ® s °
L.\
Va'n ZA
®
n N

* We use this circuit to calculate the line currents, and we then use the line currents to find the
currents in each leg of the original A load.



Delta-Wye conversion

» Delta-Wye conversion is very useful when analyzing three-phase systems

» The advantage of wye connection is that it has a neutral point which greatly simplifies per-phase analysis
of three-phase systems

» Delta-Wye conversion is valid for any impedance type as well as resistances

Z,
a = b — .
Z,
A =Y Conversion \%\

2, 2, , 77,
L +Z, +Z,
C — ZaZC
Impedances 2~ Z.+7, +27, Impedances
Z,, Z,, and Z_ are Delta-connected 7 - Z.Z, Z,,Z,, and Z, are Wye-connected
L +Z2,+ 7,

29



Delta-Wye conversion for equal impedances

30



Analysis of

the Wye-Delta Circuit

a a A
L Zga & Zla &
+ -

va'n C_) : . ZA
® ®
n N

Iag = 1, /0
IBC = f:f.- / —IZUD,

Ica = 14 /120"

31



Analysis of the Wye-Delta Circuit

La = Isg — Ica Iig = Igc — Iag

= V31, /=30°, = V31, /—150°,

Iy /0,
Iy /—120°,
I, /120°.

- Iq{, 5—12{]” - Iq{,&u

Ic = Ica — Ipc

=1, /120° = I, /—120°
= V31, /90°.
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Example

The Y-connected source in Example 11.1 feeds a
A-connected load through a distribution line hav-
ing an impedance of 0.3 + j0.9 Q1/¢. The load
impedance is 118.5 + j85.8 {}/¢. Use the a-phase
internal voltage of the generator as the reference.

a) Construct a single-phase equivalent circuit of the
three-phase system.

b) Calculate the line currents L5 , Iyg, and L.

c) Calculate the phase voltages at the load terminals.

d) Calculate the phase currents of the load.

e) Calculate the line voltages at the source terminals.

33



Example

The Y-connected source in Example 11.1 feeds a
A-connected load through a distribution line hav-
ing an impedance of 0.3 + j0.9 Q1/¢. The load
impedance is 118.5 + j85.8 {}/¢. Use the a-phase
internal voltage of the generator as the reference.

a) Construct a single-phase equivalent circuit of the
three-phase system.

b) Calculate the line currents L5 , Iyg, and L.

c) Calculate the phase voltages at the load terminals.

d) Calculate the phase currents of the load. a’02Q 050 , 03Q j09Q A

e) Calculate the line voltages at the source terminals.

2 185+ 858

: =395 + j28.6 Q/.

120/0°V

34



Example

2 020 050 , 030 j09Q A b) ' 190 /0°
—AN—YY Y g A YYY_g /
- L —
L. AT (02 + 03 + 39.5) + j(0.5 + 0.9 + 28.6)
. 39.50)
§ 0L o468 A
-+ = = —_ ¢
C—) 0V 40 + 30~ HLE0ELA
% j28.6 0
L = 2.4 /—156.87° A,
» L
n N

I.c =24 /8313 A.
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Example

a’ 029 f050 a 0380 098 A o) Van= (395 + j286)(2.4 /=36.87")
A $3950 = 117.04 /—0.96° V.
CD 120/0°V
%ﬁg'ﬁ {0 Vap = (V3 /30°) Vax
: ’ = 202.72 /29.04° V.

Vie = 202.72 /=90.96° V.,

Vea = 202.72 /149.04° V.

36



Example

a’ 020 o050 4 030 090 A

> 9 Iip = ( ! {30") I
I AB — \ . & af
- $3950 V3
3 286 Q)
Igc = 1.39 /—126.87° A,

Ica = 1.39 /113.13° A.

= .
7 o

37



Example

a’ 020 o050 4 030 090 A

"WV —e— €) Vi = (398 + j29.5)(2.4 /—36.87")
LA §39_5 QO = 118.90 /—0.32° V.

)] /30
C 120/0°V o

_ V.. = (V3 /30°)V _,

3 2860 b = (V3 £30) Vi, Yol Yo
V., = 205.94 /29.68° V. AN
Py .
n N

Vie = 205.94 /—90.32° V,
V., = 205.94 /149.68° V.
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Power Calculations - Average Power in a Balanced Wye Load

LA A Pa = |VanN|[T,al cos (Bya — 6;a),
i .
Pg = |Vgn|[Iyg| cos (B, — 0iB)-
Za| Van
Vian Pc = |VenllIec| cos (Byc — 8;0).
lh]:’x B -
— _ ZB ;ﬁ N :
V, =1V = |V = Ve
Ze| Ver & I'Van| |Ven| IVenl,
I.c C Iy = [Lal = Mgl = [Iecl,
= . T

9¢> = 0ya — 0ia = 0,5 — Oig = 0,c — bic.

PAZPB:P[?:P(I):V@I(I)CDSBJ)&
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Power Calculations - Average Power in a Balanced Wye Load

— . | 0y = 0pa — Oia = O, — Oig = O,c — bic
Za| Van Py = Pg = Pc = Py = Vylscosby,
i B . ViN B B
*—{Zs[—9N _ Pr =3P, = 3V 4, cos b,

Zc| Ven If we let VL and IL and represent the rms magnitudes of
» the line voltage and current, respectively

L 2@

balanced
three-phase load

VL>

Pr =3 — ]I, cos @ i

T (\/3 L & | Total real power in a
— 3VLIL COS 6¢.
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Power Calculations - Complex Power in a Balanced Wye Load

Qc,b = V(.'.'J](.b sin 9(.'5?

QT == 3Q¢, = ngLIL sin gﬁﬁ

Se = Vanlia = Venlis = Vonlee = V¢Ifb,

Sy = Py + jO, = Vyl.

ST = 3S¢, — ‘\/EVLIL@
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Power Calculations - Average Power in a Balanced Delta Load

A

¢ — P, = |Vag|[Iag|cos (ByaB — OiaB),
Vi | Za l[ . Py = [VpcllIzc| cos (Bysc = Oic),
Pc = |Vcalllcal cos (Bvca — Bica)-

Vi | Za l[“‘ IVagl = Vel = [Veal = Vi,
N i } Hag|l = [Igc| = [Ical = 14,
C OpaB — biap = Oysc — bipc = Ouca — bica = 04,

PAzPBzPCZP(b:V(bI(bCGSH“b.



Power Calculations - Average Power in a Balanced Delta Load

A
* — PA:PBZPCZPJ,:V(I,I(I)CGSG(I,.
‘I.‘\I’- Z.l l[_ug PT = BP(JE’ = 3V¢I¢,CUSH¢
— A
¢ B | \ Z_j, \ \ (IL>
= 3Vi| —= | cosé@
“\V3 ¢
‘J[ Z-l l[l
o i ' = 3VLILCDSH¢.
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Power Calculations - Complex Power in a Balanced Delta Load

B(

— l | ST = 3Sq§, = \@VLILﬁé




Example

Ana[yzi ng a Wye-Wye Circuit a) Calculate the average power per phase delivered
to the Y-connected load of Example 11.1.
b) Calculate the total average power delivered to

A balanced three-phase Y-connected generator the load.
with positive sequence has an impedance of ¢) Calculate the total average power lost in the line.
0.2 + j0.5 /¢ and an internal voltage of 120 V'/¢. d) Calculate the total average power lost in the
The generator feeds a balanced three-phase generator.
Y-connected load having an impedance of e) Calculate the total number of magnetizing vars
39 + j28 Q/¢. The impedance of the line connect- absorbed by the load.
ing the generator to the load is 0.8 + j1.5 1/¢. The f) Calculate the total complex power delivered by
a-phase internal voltage of the generator is speci- the source.
fied as the reference phasor.

a’ 020 Jj050Q a 080 JLSQ A L, = 24/-3687"A.

f
I;l_-‘-.

+ i .
(_) 120/°V V., Van

$390  Vay= 11522 /—1.19° V.

Se
Z



Example

a) V,=11522 V
fqg, =24 A.,

0y = —1.19 — (—36.87) = 35.68".

Py = (115.22)(2.4) cos 35.68°
— 224.64 W.

b) Py =3P, = 673.92 W.

P, = V3(199.58)(2.4) cos 35.68°

= 673.92 W.

) Py. = 3(2.4)%0.8) = 13.824 W.

d) Py = 3(24)%(0.2) = 3.456 W.

e) Qr = V3(199.58)(2.4) sin 35.68°
— 483.84 VAR.

£y Sp=3S, = —3(120)(2.4) /36.87°
= —691.20 — j518.40 VA.
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Example

a) Calculate the total complex power delivered to
the A-connected load of Example 11.2.

b) What percentage of the average power at the
sending end of the line is delivered to the load?

1
Iag = (ﬁ ﬂ) LA

=139 /—6.87° A.
Ipc = 1.39 /—126.87° A,
Ic, = 139 /113.13° A

a) Vy = Vg = 202.72 {29.U4° V,
l¢, — lz"-"LB — 139 / _6.8?’5 A

Sy = 3(202.72 /29.04°)(1.39 /6.87°)
— 682.56 + j494.21 VA.

b) Py = 682.56 + 3(2.4)%(0.3)

= 687.74 W.

682.56/687.74 = 99.25%
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Example

A balanced three-phase load requires 480 kW at a
lagging power factor of 0.8. The load is fed from a

line having an impedance of 0.005 + j0.025 Q/é.
The line voltage at the terminals of the load is 600 V.

a) Construct a single-phase equivalent circuit of
the system.
b) Calculate the magnitude of the line current.

c) Calculate the magnitude of the line voltage at
the sending end of the line.

d) Calculate the power factor at the sending end of
the line.
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Example

A balanced three-phase load requires 480 kW at a
lagging power factor of 0.8. The load is fed from a

line having an impedance of 0.005 + j0.025 Q/é.
The line voltage at the terminals of the load is 600 V.

a) Construct a single-phase equivalent circuit of
the system.
b) Calculate the magnitude of the line current.

c) Calculate the magnitude of the line voltage at
the sending end of the line.

d) Calculate the power factor at the sending end of

the line.
0.005Q  j0.02510Q
El) a9 @& AN WY“\_-I-. A
- l'.l."..
V.. w0V | 160 kW at 08 lag

ne o N

b
) (600) = (160 + j120)105,

V3

La = 577.35 /36.87° A.

La = 57735 /—3687° A

Py = V3V I cos 0,
= V/3(600)7,(0.8)
= 480,000 W;
I = 480,000
V/3(600)(0.8)

1000
V3

= 577.35 A.
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Example

0.005Q  j0.025Q d) pf=cos[1l.57" — (—36.87")]
. €00 = cos 38.44°
Van e [O°V 160 kW at 0.8 lag
. = (.783 lagging.
ne — o N

C) Van — VAN + Zflﬂﬁ

600
= —— + (0.005 + j0.025)(577.35 /—36.87")

V3
= 357.51 ,»_"1.57° V.
VL = \/g|van|

= 619.23 V.
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END OF THE LECTURE

Any questions ?



